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H: 

r^ , Abstract. Two 4-nianifolds are stably diffeomorphic if they become 

• ' diffeomorphic after connected sum with S^ x S^'s. This paper shows 

r^^ I that two closed, orientable, homotopy equivalent, smooth 4-manifolds 

C^ . are stably diffeomorphic provided a certain map from the second ho- 

C ' mology of the fundamental group with coefficients in Z2 to the L-theory 

1 I , of the group is injective. This injectivity is implied by the Borel/Novikov 

■ conjecture for torsion-free groups, which is known for many groups. 

CO ' There are also results concerning the homotopy invariance of the Kirby- 

^ , Siebenmann invariant. The method of proof is to use Poincare duality in 

~~~J ' Spin bordism to translate between Wall's classical surgery and Kreck's 

~2r ' modified surgery. 

^: 
o, 
^' 

o ■ 

■~«^ ' 1 Introduction 

^- 

"*^ ' Two smooth 4-diniensional manifolds M and N are stably diffeomorphic if for 

a some non-negative integers r and s, the connected sum M^r{S'^ x S*^) is diffeo- 
morphic to N^s{S'^ X S"^). This sort of stabilization plays a fundamental role in 

^ . 4-dimensional topology, see, for example 27 , 4 . This paper examines the extent 

Lj ' to which homotopy equivalent, smooth manifolds are stably diffeomorphic. In this 

%^ . paper we make the following two conjectures, relate them to standard conjectures 

C^ ' in manifold theory, and thereby prove the following two conjectures for large classes 
of fundamental groups. 



Conjecture 1.1 If M and N are closed, orientable, smooth ^-manifolds which 
are homotopy equivalent and have torsion-free fundamental group, then they are 
stably diffeomorphic. 
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2 James F. Davis 

Conjecture 1.2 // M and N are closed, orientahle, topological ^-iTfianifolds 
which are homotopy equivalent, have torsion-free fundamental group, and have the 
same Kirby-Siebenmann invariant, then they are stably homeomorphic. 

In the simply-connected case the vahdity of Conjecture 11.11 is weh-known by 
the work of Wall [27| . who showed that homotopy equivalent, smooth, simply- 
connected 4-manifolds are h-cobordant, and that h-cobordant, smooth, simply- 
connected manifolds are stably diffeomorphic. Using gauge theory, Donaldson [^ 
showed that they need not be diffeomorphic. In the simply-connected case. Con- 
jecture ^21 follows from the work of Freedman |1U| . with the stronger conclusion 
that the manifolds are actually homeomorphic. (The Kirby-Siebenmann invariant 
of a topological 4-manifold M is a class ks(M) S H'^{M; %i) which vanishes if and 
only if M X R admits a smooth structure.) 

The study of the stable diffeomorphism type of 4-manifolds divides into two 
cases, depending on whether the universal cover does or does not admit a Spin 
structure. The case where the universal cover does not admit a Spin structure is 
much easier to analyze. The following theorem (proved in Section 2) follows easily 
from results of Kreck. 

Theorem 1.3 (Kreck) Let M and N be closed, homotopy equivalent 4~ 
manifolds whose universal covers do not admit a Spin structure. 

1. Suppose M and N are smooth manifolds. Then M and N are stably diffeo- 
morphic if and only if there is a homotopy equivalence h : M —* N so that 
wiM = h*wiN. 

2. Suppose M and N are topological manifolds. Then M and N are stably 
homeomorphic if and only if they have same Kirby-Siebenmann invariants 
and if there is a homotopy equivalence h : M —^ N so that wiM — h*wiN . 

Note that, in particular, that any two homotopy equivalent, closed, orientable 
smooth 4-manifolds whose universal covers have a non-trivial second Stiefel- Whitney 
class are stably diffeomorphic. Note also that when the universal cover is not Spin, 
Conjectures 11.11 and II .21 hold for any fundamental group. 

The case where the universal covers are Spin is much more subtle. Teichner 
in his thesis [231 Example 8.2.4] constructed an example of two closed, orientable, 
homotopy equivalent, smooth 4-manifolds with finite fundamental group which are 
not stably diffeomorphic. 

We put the question of whether two homotopy equivalent 4-manifolds are stably 
diffeomorphic in the context of surgery theory. There is a map K2 '■ H2{tt;'L2) — > 
L4(Z7r), which appears in the surgery classification of high-dimensional manifolds. 
(Here L = L^, and refers to the Witt group of quadratic forms on free Ztt- modules.) 
As we shall see, this map is conjectured to be injective for all torsion-free groups 
IT, and has been shown to be injective in many cases, including those listed in the 
corollary below. In this note we give an alternate description of K2 and show: 

Theorem 1.4 If K2 '■ H2{t^','^2) -^ L^CZtt) is injective for a group n, and if M 
and N are closed, orientable, homotopy equivalent 4^-manifolds with fundamental 
group isomorphic to n, then 

1. If M and N are smooth manifolds, then they are stably diffeomorphic. 

2. If M and N are topological manifolds with the same Kirby-Siebenmann in- 
variant, then they are stably homeomorphic. 
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3. If M and N are smooth manifolds with zero second Stief el- Whitney classes, 
then for some choice of Spin structure and identification of their fundamental 
groups with it, they are equal in ^^^''^"(iJTr). 

4. If M and N are topological manifolds with zero second Stiefel- Whitney classes, 
then for some choice of Spin structure and identification of their fundamen- 
tal groups with it, they are equal in Vt^°^ ^"''{Btt). 

5. If M and N are topological manifolds so that the second Stiefel- Whitney 
classes of their universal covers vanish, then ks(Af ) — ks(-/V). 

Our theorem holds even when the group is not torsion-free, but for finite groups 
K2 need not be injective (see jlll Prop. 7.4]). All these results are well-known in 
the simply-connected case, for example, part 5 is clear, since the Kirby-Siebenmann 
invariant for Spin manifolds is given by the signature divided by 8 considered mod- 
ulo 2. We conjecture that the Kirby-Siebenmann invariant is a homotopy invariant 
for closed, orientable 4-manifolds with torsion-free fundamental group whose uni- 
versal cover is Spin, but this is false in general for manifolds with finite fundamental 
group (see e.g. |23l 8.2.2] or Example 13. 151 of this paper). The techniques of our 
paper should also apply to non-orientable 4-manifolds; however we do not study 
them here. 

Theorem 11.41 is the main result of this paper. Its proof involves a comparison 
of C. T. C. Wall's surgery program for studying homotopy equivalences with M. 
Kreck's surgery program for studying stable diffeomorphisms. We point out the 
ingredients of the proof. Theorem 12.11 states Kreck's classification of 4-manifolds 
up to stable diffeomorphism in terms of bordism. Theorems 13 . 1 01 and 13 . 1 21 translate 
from surgery theory to bordism. Corollary 13.111 applies the characteristic class 
formulae 13. fil to K2 to complete the proof. 

We now switch to a discussion of the Borel/Novikov conjectures and their 
relationships with K2 . Corollary 11.51 will apply the work of other mathematicians 
on the Borel/Novikov conjectures to Theorem 11.41 to give a proof of the stable 
diffeomorphism conjectures in many cases. 

A space is aspherical if its universal cover is contractible. Let M be a compact 
aspherical n-manifold. 

Borel Conjecture for M: Any homotopy equivalence from an n-dimensional 
manifold to M which is a homeomorphism on the boundary is homotopic relative 
to the boundary to a homeomorphism. 

Equivalently the surgery structure set S{M rel dM) is trivial. Reinterpreting 
this in terms of the surgery exact sequence leads to: 

Strong Borel Conjecture for a torsion-free group tt: The assembly map 
-ff*(7r; L.(Z)) —> L^CZn) is an isomorphism. 

A more modest conjecture is that this is an isomorphism when the Eilenberg- 
MacLane space Bit is finite-dimensional. Knowing the Borel conjecture for M, 
M X D^, M X _D^, and M x D"^, imphes the strong Borel conjecture for ttiM, 
as well as the vanishing of the Whitehead group Wh(7riM). Conversely, given a 
compact aspherical manifold M of dimension greater than four, the vanishing of 
the Whitehead group Wh(7riAf) and the strong Borel conjecture for ttiM implies 
the Borel conjecture for M x _D% all i. Farrell- Jones jH] have proven the Borel 
conjecture for closed manifolds with non-negative sectional curvature and their 
product with disks, provided the total dimension is greater than 4, and hence the 
strong Borel conjecture is known for the fundamental groups of such manifolds. In 
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addition the strong Borel conjecture can be proven for some groups built from the 
above groups using amalgamated products and HNN extensions, provided an extra 
condition called square- root closed is satisfied (see Cappell 5^) and provided results 
of Waldhausen j26j apply to show the Whitehead group is zero. The injectivity part 
of the strong Borel conjecture is often known as the integral Novikov conjecture; the 
original Novikov conjecture is equivalent to that statement that for all groups tt, the 
assembly map is a rational injection. The integral Novikov conjecture is known for 
TT when Btt is a finite complex and En admits a certain type of compactification by 
Carlsson-Pedersen 5 . (For example, this holds true when tt is a negatively-curved 
group in the sense of Gromov or when tt is a discrete, torsion-free, co-compact 
subgroup of a virtually connected Lie group.) There is a version of the above for 
non-orientable manifolds or equivalently for groups equipped with an orientation 
character w : tt — > {±1}, but the reader is advised to consider only the orientable 
case u; = 1 on a first reading. The study of Borel/Novikov conjectures is a rapidly 
advancing area of mathematics. For background the reader can consult reports to 
three international congresses |Hj, |19| . |12j and references given there. 

The j-th homotopy group of the simply-connected L-spectrum L. (Z) is zero 
for i odd, Z for i = Ak, and Z2 for i — Ak + 2. There is a natural splitting of 
L.(Z)(2) as a wedge of Eilenberg-MacLane spectra |22| . and this gives an injection 
H2{BTr;Z2) — > iJ4(i37r;L. (Z)) and the composite with the assembly map is called 
K2. Thus K2 is conjccturally injective for all torsion-free groups and is injective 
whenever the integral Novikov conjecture holds. 

Corollary 1.5 If tt is 

1. the fundamental group of a closed Riemannian manifold with sectional cur- 
vature everywhere less than or equal to zero, or 

2. a discrete, torsion-free subgroup of a virtually connected Lie group G so that 
t:\G/K is compact where K is a maximal compact subgroup of G, or 

3. a negatively curved group in the sense of Gromov, 

then K.2 is injective, and hence for closed, orientable, homotopy equivalent ^-manifolds 
with fundamental group isomorphic to tt, the stable diffeomorphism conjectures 1-5 
of Theorem \l.4\ h0ld true. 

It would be interesting to give a purely algebraic definition of K2- It would 
be more interesting to give four-dimensional proofs of the stable diffeomorphism 
conjectures, even in known cases, as this would shed light on the Borel/Novikov 
conjectures. 

I would like to thank my colleagues at Mainz: Fang Fuquan, Matthias Kreck, 
and Wolfgang Liick, the former for many discussions and the latter two for suggest- 
ing that I investigate the relationship between the Borel/Novikov conjectures and 
four-dimensional topology. I would also like to thank Qayum Khan for pointing 
out a subtlety in the proof of Proposition |^S| 



2 Stable diffeomorphism of 4-manifolds 

M. Kreck jl5| showed that stable diffeomorphism is a bordism question, and 
P. Teichner |23) . |24| studied this question in dimension 4. We review this theory 
and use it to motivate our key invariant for homotopy equivalent 4-manifolds, the 
dimension 2 Spin-Kervaire invariant. 
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Let £_ : B ^ BO be a fibration^. Let il*(^) be bordism classes of smooth 
manifolds equipped with a lift of the stable normal bundle v to ^. (For details see 
|2U| or 1211 .) Elements of ri*(^) are represented by pairs (M, i> : M —* B), where 
^oD^iy-.M^ BO. 

If i> : M — > i? is a /c-equivalence (i.e. TTiM — > iTiB is an isomorphism for i < k 
and a surjection for i = k), then (M, v) is called a normal {k — l)-smoothing in ^. 
Two normal (fc — l)-smoothings (M, v) and (M', i>') in ^ are diffeomorphic if there 
is a diffeomorphism f : M ^ M' so that i> and i^' o f are homotopic. Let NSt2n{0 
be stable diffeomorphism classes of 2n-dimensional normal (n — l)-sinoothings in ^. 

The following theorem is a consequence of Section 4 of |15| . 

Theorem 2.1 (Kreck) Let ^ : i? ^ BO 6e a fibration where the n-skeleton 
of B has the homotopy type of a connected finite complex. For n > 2, the following 
map is a bijection 

NSt2J0 ^ ^2„(0- 

For a fibration ^ : B ^ BTOP with B as above and n > 2, the following is a 
bijection: 

iV5t™^(e)-f7™^(0. 

It is possible for the same manifold to represent two different elements of these 
sets by composing one representation with an automorphism of ^. Let Aut(^) be 
the group of fiber homotopy equivalences of ^; elements are given by homotopy 
equivalences f : B ^ B where ^ o f — £_. Aut(^) acts on NSt2Ti(C) and fl2n{0 by 
f{M,i)) = {MJoi}). 

Definition 2.2 If ^ : B ^ BO is k-coconnected (i.e. i.e. -KiB — > ■niBO is an 

isomorphism for i > k and a injection for i = k), then ^ is {k — l)-universal. // 
i) : AI ^ B is a normal (fc — Vj-smoothing in ^ where ^ is {k — l)-universal, then 
^ : B ^ BO is the normal (fc — l)-type of M . 

Obstruction theory and the Moore-Postnikov factorization show that the nor- 
mal (fc — l)-type of M exists and is unique up to fiber homotopy equivalence. Thus 
if ^ is (n — l)-universal, n > 2 there is a bijection between stably diffeomorphism 
classes of manifolds with normal {n — l)-type ^ and Vt2n{C) I ^^^iO ■ 

For stable diffeomorphism classes of 4-manifolds there are basically two cases: 
W2{M) ^ and 'W2{M) = 0. The first case is quite simple; the following lemma 
implies that in this case, homotopy equivalence implies stable diffeomorphism, even 
for manifolds with torsion in the fundamental group. 

We assume all manifolds in this paper are connected. If M is a closed manifold 
n-manifold, then a fundamental class [M] G Hn{M]'L^) is a choice of generator 
for this infinite cyclic group, where Z™ denotes the Ztti Af -module given by the 
integers twisted by the orientation character w = wiM : ttiM —^ {il}- The 
following lemma is a easy consequence of Theorem 12. II fcf. j23|). 

Theorem 2.3 Two closed, smooth, orientable (resp. non-orientable) ^-manifolds 
M and N whose universal covers are not Spin are stably diffeomorphic iff there 
are fundamental classes [M\ and [N] and an isomorphism f : ttiM —^ ttiN so 
that wiM = wiN o f, /4M] = [N], and signAf = signA^ (resp. x{M) = x{N) 
mod 2). Two closed, topological, orientable (resp. non-orientable) 4^-manifolds M 



^Throughout this paper there are parallel theories for smooth manifolds and topological 
manifolds, with BO replaced by BTOP. In our theorems we will state both cases, but in the 
definitions and proofs we will only deal with the smooth case unless the topological case involves 
a substantive difference. 
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and N whose universal covers are not Spin are stably homeomorphic iff there are 
fundamental classes [M] and [N] and an isomorphism f : ttiM — > ttiTV so that 
wiM = wiNof, /4M] = [N], signM = signTV (resp. x(M) = x{N) mod 2), and 
ks(M) =ks(iV). 

Proof Of the four cases, we will only write the proof for the simplest (smooth 
and orientable) and the hardest (topological and non-orientable). In the smooth 
and orientable case the normal 1-type of M is given by ^ : BSO x Bit -^ BO, 
where ^ is projection on the first factor followed by the double cover. Thus 
fi,(0 = ^^^{Btt). The A-H-S-S (= Atiyah-Hirzebruch Spectral Sequence) gives 
Hp{BTT;Q^'=') ^ Vi^^q{Bn). Since U^^^ = Z,0,0,0,Z for q = 0,1,2,3,4, we see 
nf^iBn) = nf^" © Hi{Tr) and the result follows. 

In the topological, non-orientable case, the normal 1-type of M is given by 
£, : BSTOP X Bt: — > BTOP, where ^ classifies the product of the universal 
bundle 7 over BSTOP with the orientation line bundle ( over Btt. We write 
^f™^(S7r;w) = n^iC). This is isomorphic to f^f™^(i:»(C), 5(0), where the 
isomorphism is given by pulling back the line bundle and the inverse map by tak- 
ing the transverse inverse image of the zero section under a representative map 
W -> D{C). There is an A-H-S-S iJp(B7r; (f^^™^)™) =» f7^™^(B7r; w). Now 
^STOP ^ Z,0,0,0,Z©Z2 for q = 0,1,2,3,4, with the extra class given by the 
Kirby-Siebenmann invariant [131 p. 322]. One deduces 

f7f ™^(B7r; u;) = Z2 © Z2 © HiiBir; Z"") 

with the invariants given by x mod 2, ks, and the fundamental class. The result 

follows. n 

The more interesting case is when the universal cover is Spin. If M itself 
is Spin, then the normal 1-type of M is ^ : BSpin x Bit — > BO and hence 
ri*(0 = ri*^*"(i?7r). Thus two Spin 4-manifolds with fundamental group iso- 
morphic to TT are stably diffeomorphic if for some choice of orientations. Spin 
structures, and identification of the fundamental group, they represent the same 
element in fifP*"(S7r). There is an A-H-S-S iJp(S7r; f^^P") ^ QplfiBn) and 
f]Sp™ = Z, Z2, Z2, 0, Z for g = 0, 1, 2, 3, 4. 

Teichner j24j constructs the "James spectral sequence" to say that much the 
same is true when one only has W2{M) — 0. The sequence 

0^iJ^(7r;Z2) -^ H^{M;Z2) -^ H^{M- Z2) 

is exact and we let Wi € iJ'(7r;Z2),i = 1,2 denotes the elements which maps to 
Wi{M). The normal 1-type of M is given as the homotopy puUback 

B > Bit 

lui X102 

BO "'^^"^""'^'"^) i^(Z2,l)xi^(Z2,2) 

(Homotopy puUback means convert the bottom and right hand maps to fibra- 
tions and take the ordinary puUback.) Denote the left hand map by ^(Btt, wi, W2) 
and the upper left hand space by B(Btt, wi, W2). Use analogous notation when Btt 
is replaced by an arbitrary space X. 
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Theorem 2.4 ( 1241 1 Given classes Wi G H^{X\ Z2), i — 1,2, there is a spectral 
sequence iJp(X; (rj^P™)™!) => J7p+q(^(X, wi, W2))- There is an analogous spectral 
sequence for topological manifolds. 

Since O3''™ — 0, E22 — H2{X; Z2) ^ E^2 is surjective. In the next section we 
will show that if / : M — ^ A^ is a homotopy equivalence between closed 4-manifolds 
whose universal covers have zero second Stiefel- Whitney classes, one can choose 
lifts vm, i^N ("Spin structures") so that (M, vm) — {N, vm) lies in i^2,2 and that the 
corresponding element in H2[Btt; Z2)/(d2, ^3) is independent of the choice of hfts. 
We call this element the dimension 2 Spin-Kervaire invariant of the homotopy 
equivalence. Although we could give a direct proof that this is well-defined, we 
prefer to identify it with the codimension 2 Kervaire invariant coming from surgery 
theory. We do so in the next section. 

There is a special case where the James spectral sequence can be replaced by 
a more familiar spectral sequence (cf. |24l p. 53]). 

Lemma 2.5 Let -q : X -> BO{k). 

1. The bundle ^{X,wi{ri),W2{r])) can be identified with 

^ : BSpin xX ^ BO, 

classifying the product of the universal Spin bundle over BSpin and the 
bundle rj. 

2. r2„(^) is given by bordism of closed smooth manifolds {M"',f : Af" —>■ X) 
together with a Spin structure on vm © /*'/■ 

3- ^,f+k(-^(^)''^(''l)) ~ ^*{0- ^^s map from left to right is given by taking 
the transverse inverse image of the zero section. The map from right to left 
is given by taking the pullback f*{D{ri), S{r])). 

4. There is an isomorphism of the A-H-S-S of the pair with the James spectral 
sequence o/51,(^) from E^ on. The map on E'^ is the Thom isomorphism. 

3 Surgery 

Definition 3.1 |28| . |2] A degree one normal map is a map f : M ~* N 

between closed manifolds equipped with fundamental classes so that f*[M\ = [N\, 
together with a bundle ^ over N and a stable trivialization of tm © /*C- 

Example 3.2 If M is a closed, oriented n-manif old with a framing of the stable 
normal bundle, let f : M ^ 5" be a degree one map and S, the trivial bundle. 

Example 3.3 Let f : M ^ N be homotopy equivalence of closed manifolds, 
together with a fundamental class for M. Choose a homotopy inverse g of f and 
let ^ be g*i'M ■ Then a homotopy from g o f to the identity gives an isomorphism of 
f*^ with Vm, and hence a framing of tm © /*C- 

Definition 3.4 (See |17l Theorem 2.23], also |2l Section II. 4] for a more ho- 
motopy theoretic approach.) If f is a degree one normal map, let A be the stable 
vector bundle v^ — C,. o,i^d perturb the map f from M to the zero section to an em- 
bedding M —>■ E{X). The stable trivialization leads to an extension to a codimension 
zero embedding M x D'' -^ E{X) and by the Pontry agin- Thom construction to a 
map T{X) — > E'^'Af^, where Yi^M^ denote the k-fold reduced suspension of the dis- 
joint union of M and a base point. There is thus a fiber homotopy equivalence 
S{X © 1) —^NxS'^ where the map to the first factor is given by projection to 
N and the map to the second by mapping to the Thom space, composing with the 
Pontry agin- Thom map, followed by collapsing M to a point. A fiber homotopy 
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equivalence is classified by a map to G/0 = homotopy fiber(BO — > BG) where G is 
the monoid of self-homotopy equivalences of the sphere and BG classifies spherical 
fibrations. The homotopy class of the classifying map in [N, G/O] is the normal 
invariant of f . 

If two degree one normal maps to A^ have the same normal invariant, then 
the maps are normally bordant. Geometrically, this means that the two bundles 
over N are stably isomorphic and that one can do surgery to get from one map 
to the other. In the above two examples, there is a well-defined normal bordism 
class, independent of choices. Note that G/O and G/TOP are connected, simply- 
connected and have tt2 = Z2 . This uses the fact that the homotopy groups of G are 
the stable homotopy groups of spheres |17l Corollary 3.8]. For a closed 2-mamfold 
N, not necessarily orientable, the bijection [N, G/TOP] -^ Z2 is called the Kervaire 
invariant. A homotopy theoretic definition is given in [21 Section III. 4], a geometric 
one in El 



Definition 3.5 If f : M ^ N is a degree one normal map, the codimension 2 
Kervaire invariant kervaire (/) £ H'^{N]'L2) is the first obstruction to the normal 
invariant being null-homotopic. Geometrically this corresponds to the cohomology 
class given by representing a homology class by a 2-dimensional submanifold P 
of N , making f transverse to P and assigning to [P] € H2{N;Zi2) the classical 
Kervaire invariant of the 2- dimensional normal map f~^{P) — > P ■ 



The fundamental theorem of surgery theory |28| states that there are 4-periodic 
abelian groups Lni'Ln] w), natural in (vr; w), and a function 9 : [N, G/O] -^ i„(Z7r; w) 
so that for n > 4, {n ~ dimension N, w = wi{N)), 6{f) = if and only if / is 
normally bordant to a homotopy equivalence. The analogous thing is true in the 
topological category by |13| . 

Proposition 3.6 Let t: be a group with orientation character w. There are 
homomorphisms 

lo :H„{7r;Z'") ^ UiZn^w) 

K2 '■ H2{n; Z2) -^ LiCZn; w) 

so that for any degree one normal map f : AI —>■ N between closed, connected ^- 
manifolds with classifying map / : A'^ — > G/TOP, and map F : N ^ Bn so that 
w o Ff is the orientation character of N , then one has the following characteristic 
class formulae: 

/o((signM - sign Af)/8) + K2{F,(kcTva.ire^{f) D [N])) = 9{f) {w = 1) 
/o(ks(A//) - ks(iV) + kervaire^ (/)2) + K2{F^(kcTveiirc^{f) n [N])) = 9{f) {w ^ 1) 

where we have identified Hq{t:;Z) with Z and when w ^ 1 we have identified 
H^{N;Z2) withHo{-K-'E^). 

Proof By allowing surgeries in both the domain and range, Sullivan- Wall [281 
13B.3] show that the surgery obstruction map factors through a homomorphism 

9 : fif™^(B7r x G/TOP, Bit x pt; w) -> L,(Z7r; w). 

For * = 4, the A-H-S-S identifies the domain of this map with 

Hi{Bii X G/TOP, Bn x pt; 12"), 
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with the identification given by the image of the fundamental class. The fourth 
stage of the Postnikov tower for G/TOP is K{'L2,2) x K{'L,A) (see O, p. 329]). 
Recall H4{K{'Z2, 2); Z2) — ^2- We thus have a splitting of the domain of 9 into 

iJo(vr; Z"') © Hoi?:; Z2) © il2(^; ^2) 

and this defines maps /q, Jq, and K2 so that 9 = Iq (B Jo (S K2. 

The generators of the low-dimensional cohomology of G/TOP are given by 
k G H^iG/TOP;Z2) and I G H^{G/TOP]Z). For a degree one normal map 
f : M ^ N between oriented 4-manifolds with classifying map /, one has 

f*{k) =kervaire2(/) 

r(0 = ((signAf-sign7V)/8W 

where /iat G H'^N is dual to the fundamental class. It follows that 

9{f) = /o((signAf - signAr)/8) + Jo(kervaire^(/)2) + K2 (F, (kervaire^ (/) n [N])) 

where we have identified Hq(tt) with Z and have identified Hq{tt;'Z2) = Z2 = 
H^N;Z2). 

There is a topological manifold Ch* homotopy equivalent, but not homeomor- 
phic to CP^ (see |10|). The corresponding homotopy equivalence h has non-trivial 
normal invariant, hence non-trivial codimension 2 Kervaire invariant. The above 
formula then shows that Jo(kervaire (h)'^) = 0. Hence, by naturality in (tt; w), the 
homomorphism Jq is always zero. 

If / : Af — > TV is a degree one normal map between 4-manifolds with N non- 
orientahle, then by [13J p. 329], one has 

/*(fc) = kervaire2(/) 

/*(/) = kervaire2(/)2 + (ksA/ - ksTV) 

after identifying H^{N\'L) with Z2. The characteristic class formula follows. 

D 

Remark 3.7 This proposition is a special case of the characteristic class for- 
mulae of ^22j, although the proof is considerably simpler in dimension 4. The 
I iSg I -manifold shows that in the simply-connected case that /o is an isomorphism. 
In general /o(l) is the image of the Sg-quadratic form. Since 1 ^ tt, is a split 
injection of groups, in the oriented case the map /q is always injective. In the 
non-oriented case this need not be the case. (See |25j for geometric applications.) 



We wish to identify the codimension 2 Kervaire invariant with the dimension 
2 Spin-Kervaire invariant. In doing so we will show that the dimension 2 Spin- 
Kervaire invariant is well-defined and draw the connection between stable diffeo- 
morphism and K2 and thereby prove our theorem. The problem is that one invariant 
lies in a cohomology theory and and the other lies in a homology theory, so we are 
led naturally to duality. Recall that for any generalized homology theory there 
is a generalized cohomology theory |29| and that if a manifold is orientable with 
respect to that theory there is a Poincare duality between them. For bordism and 
cobordism there is a geometric interpretation [J, |6]. For a compact. Spin manifold 
N of dimension n, there is a duality Vtl^™{N, dN) ^ f^sp,t(^)- Geometrically this 
goes as follows: if /c < n/2, represent an element of Spin bordism by an embedding 
iy, dV) — > [N, dN). Since V and N both have Spin structures there is a Spin struc- 
ture on the normal bundle of V in N . The Pontryagin-Thom construction gives a 
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map N —>■ T{vvcn) ^ T{'jn-k), and hence a map N —> MSpin{n~k). If k is large, 
we suspend by embedding V in N x Rp, and the Pontryagin-Thom construction 
gives a map T^pN^ -^ MSpin(n — k+p), which gives a representative of Spin cobor- 
dism. The inverse map is given by restricting a map E^A^-i- — > MSpin{n — k + p) to 
N X M.P, making this transverse to the zero section BSpin{n — k + p), and letting 
V be the inverse image. 

Lemma 3.8 If N is a compact Spin manifold of dimension n, then the A-H-S- 
S's for n*gp.jN) and f^f ^" (TV, 9iV) are dual in the sense that n[N] : {EP''^,dr) -^ 
{E''^_ _ ,d'") is an isomorphism for all r >2, and the induced map on Eao corre- 
sponds to Spin bordism Poincare duality. 

Proof Poincare duality can be factored as the composite of a Thom isomor- 
phism map and a Spanier- Whitehead duality isomorphism. (See |21| and |2].) The 
Thom isomorphism goes from the cohomology of N to the reduced cohomology of 
the Thom space of the normal bundle v oi N and S-duality maps further to the 
reduced homology of N/dN . This works equally well for Spin bordism and ordi- 
nary homology. The Thom classes and fundamental classes correspond under the 
natural transformation MSpin -^ H{X). 

By choosing the cell structure on T{v) corresponding to that of N , one can 
even guarantee that ^%pin{N) -^ ^^ttnC^i^)) induces an isomorphism on the A- 
H-S-S's from Ei on, which on E2 is given by cupping with the Thom class. Next 
suppose X is a finite complex and we have a S-duality map fi : X A X* -^ S^ . 
By restriction we have a map X* A (X*)^~* -^ S^ and hence a map ri| j„(X*) — > 

^if-k{{X*)^~^)- Since S-duality is well-behaved with respect to cofibrations (see, 
for example, |21l 14.31]), it follows that there are maps from the Spin cobordism 
exact sequence of the pair {X^,X^^^) to the Spin bordism exact sequence of the pair 
{{X*)^-\ (X*)^-'-^). This gives a map of A-H-S-S's for f^|p„(X) and f}f^7(X*) 
from El on, which is the S-duality isomorphism both at the £'2 level and the Spin 
bordism level. Since T{i'){— X) and N/dN are S-dual, this completes the proof. D 

We omit the proof of the following lemma. 

Lemma 3.9 Let a : Y,^p^''X^ -^ MSpin be a stable, base point preserving 
map which is trivial on the (— g — l)-skeleton. Then the image of a in E^^ equals 
the image of the first obstruction to null-homotopy "(^(a) £ HP{X; fi5„j„). Here we 
consider EP^'^ as both a subquotient o/Jlg ? (X) and of HP {X ; Q'g ■^) . 

If two maps are normally bordant, then their domains are stably diffeomorphic 
by |16| or |15l Section 4]. This leads one to expect that the obstruction to two 
maps being normally bordant should determine whether the domains are stably 
diffeomorphic. The precise relationship is given by the following theorem which 
identifies the dimension 2 Spin-Kervaire invariant with the image of the codimension 
2 Kervaire invariant. Technically speaking, it is the main result of this paper. For 
simplicity we first consider the Spin case, and later briefly indicate the changes 
necessary for non-Spin manifolds. 

Theorem 3.10 Let f : M ^ N be a degree one normal map between closed, 
smooth ^-manifolds which both have the same signature and both admit Spin struc- 
tures. Given any Spin structure vm : M -^ BSpin there exists a unique Spin 
structure vn ■ N — > BSpin so that a = [(M, i^m), f] — [{N, vn). Id] is in the filtra- 
tion subgroup F2,2{^1''"" {N)) = Im{nfP'''{N^^'>) -^ r!fP"(iV)) where iV^^) ts the 
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2-skeleton of N. For any such choice of Spin structure, a maps to kervaire {f)r\[N] 

An analogous statement is true in the topological category. 

Corollary 3.11 // K2 : H2{'K','^2) ^ L4(Z7r) is injective and M and N are 
closed, homotopy equivalent, smooth (resp. topological) 4^-maniJolds which admit 
Spin structures and have fundamental groups isomorphic to tt, then there exist 
Spin structures I'm o,nd vn, and maps Fm '■ M — > Btt, Fpj : N — > Btt which induce 
isomorphisms on the fundamental group, so that [{AI,i>M), Fm] — [{N,i>j^), F^] G 
il^^"''{BTT) (resp. ft^°^ ^"^{Btt)). Hence M and N are stably diffeomorphic (resp. 
stably homeomorphic.) 

Proof of Corollary Let f : M —> N he a, homotopy equivalence. First choose 
Spin structures i>m and i^n specified by the above theorem. Then choose any 
map Fpf : N —> Btt inducing an isomorphism on the fundamental group and let 
Fm = Fn o /■ Since we may assume the map Fj^ is cellular, the above theorem 
shows 

a = [{M,i)M),FM] ~ [{N,i?n),Fn] £ F2,2(^f "(Btt)). 
Since f7j^''™(j)t) = there is an split exact sequence 

^ nfP"\pt) ^ ^2,2 ^ E^^ = H2iBn; ^f^")/(im ^2, im d-,) ^ 

For a homotopy equivalence f : M ^ N, the surgery obstruction 6{f) vanishes. 
By the characteristic class formula f Proposition 13. 6|l and the injectivity of K2, one 
has F/v* (kervaire^ (/) fl [TV]) = 0. Hence by the previous theorem, a maps to zero 
in E^2^ s-nd hence is detected by JI4''™. Since M and N have the same signature 
and since fl^^^"' and ri4°^ ^™ are both detected by signature (see |13l p. 325]) we 
are done. D 

Proof of Theorem Let / G [N, G/O] be the classifying map for the degree 
one normal map /. We first lift / to d G [N,G], and then modify a so that it 
becomes trivial on the 1-skeleton A^^^^ Let ^ be the bundle over N given as part 
of the degree one normal map structure. Since / is a degree one normal map with 
sign A^ = signAf , it is easy to check that W2(C) — W2{vn) and pi{C) — Pi{i^n), and 
hence ^ and v^ are isomorphic bundles over the 4-manifold N . Thus we may assume 
our map / classifies a fiber homotopy equivalence N x S'^ ^ N x S'' which gives 
a map a : N —^ Gk+i C G. By possibly multiplying by a matrix of determinant 
— 1, we can assume that a lands in the orientation preserving component SG. 
Let b G H^{N;ttiG) be the first obstruction to null-homotopy There is a map 
(f) : RP°° —>■ SO inducing an isomorphism on tti. Here 0([w]) = R* o Rv where R^ 
is reflection through the line Rw and * — (1,0, ...,0). Thus by representing b by 
a map to M.P°° , one can find an element B G [N, SO] whose first obstruction to 
null-homotopy is b (using the identification ttiO = ttiG). Replacing the lift a by 
d — i? we get our lift a G [N,G] of / so that a{N'^^'>) = *. Now a lands in the 
orientation-preserving component SGk and the first obstruction to null-homotopy 
is kervaire^(/) G H'^{N-tt2G). 

To a map g : N ^ SGk assign the map r{g) : I]''W+ — > S'^ given by 

T{g) = {{Ad g) V {pri o v^)) o ^^ 

where /is is the comultiplication given by the first suspension coordinate S A^+, vs 
is the coinverse, pri is given by collapsing A^ to a point and {Ad g){t,n) = g{n)t. 
(In other words, T{g) — Ad g —pri.) This gives a well-defined transformation 



12 James F. Davis 

r : [N,SG] -> [N,S°] where S° is the sphere spectrum, li g{N^^^) = *, then using 
the coinverse, T{g) admits a canonical homotopy to a map trivial on 'E'^N^ . We 
claim that the first obstruction for g being nuU-homotopic equals that of T{g) in 
H'^{N; TTaG)) = H^{N; TraS"). This follows from the identification of [S^, SGk] with 
[5'''+^, S''] which goes as follows (see [l7|). 

[S^SGk] ^ 



[{Si 


+),{SGk, 


Id)] 


[{Si 


+)A^iS'' 


,Id)] 


[{Si, 


+),i^oS' 


,*)] 


[(s'=; 


sl,+)As'' 


,*)] 


[S''+' 


\S^] 





where il^S'^ is the degree i component of fl'^S'^, the first isomorphism comes from 
the inclusion of fl'lS'^ -^ SGk as basepoint preserving degree 1 maps, the second 
isomorphism by /Ltn(— A i^o o [Ad Id)) and the third isomorphism is given by the 
adjoint. Note that before the adjoint correspondence can be applied, the basepoint 
needs to be the constant loop. 

There is a map i : S_ -^ MSpin given by inclusion of a fiber, which induces 
an isomorphism on Wi for i < 2. (See |18| for information on Spin structures.) 
Thus the first obstruction to null-homotopy of i o r(g) : Y.'^N^ -^ MSpin{k) is still 
kervaire (/). On the other hand if N is given a Spin structure z^at, the Poincare 
dual of i o T{g) is given by a = [(M, 9m), f] - [{N, 9n), Id]. Hence byEHandEl 
we have identified images of a and kervaire (/) fl [N] in £'|°2- 

The uniqueness of the Spin structure on N follows from the fact that a change in 
the Spin structure would make the Poincare dual of a in E}^~^ C II^{N; ^g},^^) = 
II^(N ■,Z2) non-zero. 

Finally, according to j23l Lemma 5.3.2], ^2 : -Ef i — > -^1,2 is the dual of Sq^ : 
H'^{N;Z2) -^ H-^{N;Z2) which is zero since N is Spin. This shows that E^:^ = 
H2{N; 1^2'''"). (This last fact was occurred in the statement of Theorem 13. lUI but 
was not used in the proof of Corollarv l3.11|l . D 

For the non-Spin case on has: 

Theorem 3.12 Let f : M —> N be a degree one normal map between closed, 
oriented, smooth ^-manifolds with the same signature inducing an isomorphism on 
fundamental group, and so that W2M and W2N are both zero. Then there are normal 
1-smoothings vm and v^ in ^ = ^{N,0,W2{i^n)) so that a — [AI,i>M] — [Nyi^N] is 
in the filtration subgroup i^2,2(^4(C))) 0/ the James spectral sequence and a maps 
to kervaire (/) n [N] in E^2 = Il2{N; ($12*'™)'^''^)- ^'^ analogous statement is true 
in the topological category, provided that, in addition, ks(Af) = ks(iV). 

Proof The proof runs parallel to the Spin case up to the point where we obtain 
ioT{g) G [N+, MSpin]. Next we use that D{vm) is canonical framed and so admits 
a Spin structure. We use Poincare duality ^s„i„(£'(i^Af)) — ^k'™{E){vN),S{vjM)) 
and see that i o T{g) maps to [D{f*{vM))] — [D{vi^)], where both manifolds are 
framed and hence have Spin structures. To identify this with the element from the 
James spectral sequence we use Lemma 12.51 D 

In the topological case, there is a lemma that may be of independent interest. 
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Lemma 3.13 If K2 is injective for tt, and f : M —>■ N is a homotopy equiv- 
alence between closed, orientahle, topological ^-manifolds whose fundamental groups 
are isomorphic to tt and whose universal covers admit Spin structures, then ks(A/) = 
ks(iV). 

Proof Since / is a degree one normal map we have 

ks(Af ) - ks(iV) = (sign(M) - sign(iV))/8 + kervaire^(/)2 

(see | 13[ p. 328-330]). Since / is a homotopy equivalence the signature term 
vanishes. Let a = kervaire (/), let w G -ff^(vr; Z2) map to W2{N), and let F : A^ ^ 
Btt induce an isomorphism on tt. Since / is a homotopy equivalence and K2 is 
injective, F^{a fl [N]) = by Proposition 13. 61 We have 

a^ = {w2Lla)[N] 
= W2{ar\[N]) 
= w{F,{an[N])) 
= 

D 

Corollary 3.14 // K2 is injective for n, and f : M —^ N is a homotopy 
equivalence between orientable, topological ^-manifolds whose universal cover is Spin 
and with fundamental group n, then M and N are stably homeomorphic. 

As advertised. 

Example 3.15 Let A^ be a closed, orientable, smooth 4-manifold with funda- 
mental group Z2, non-trivial W2, but so that W2(N) — 0. (The existence of such 
an A'^ is shown by computing f24(^(i?Z2, 0, 7^ 0)) or is explicitly given by a quotient 
of a free involution on the Kummer surface.) Then there is an a S H'^{N;'Z2) so 
that a^ ^ 0. Choose / G [N,G/TOP] = H'^{N;1) © H^{N;Z2) corresponding to 
(0,0;). Since K2 vanishes for tt = Z2 (see |lll Prop. 7.4]), there is no obstruction 
to surgery to a homotopy equivalence M — > TV. Then ks(M) = a^ 7^ 0. Thus 
the Kirby-Siebenmann invariant is not homotopy invariant for closed 4-manifolds 
whose universal cover is Spin. (Note the fundamental group in this example is not 
torsion- free.) 

Note: The paper of Tcichner j25| . dealing with homotopy invariance of the Kirby- 
Siebenmann invariant for 4-manifolds, could be profitably revisited from the point 
of view of the homomorphism /q © ^2- 

The survey of Kirby and Taylor |14l Theorem 22] gives quite a different ap- 
proach to Theorem 11.41 of our paper. It may be interesting to compare the two 
approaches. 
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